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@ Resource Constrained Project Scheduling Problem
© Our publications

© Open problems
@ Unknown objective function problem
@ Minimizing weighted number of late jobs on a single machine
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RCPSP

Resource Constrained Project Scheduling Problem (RCPSP)

Considers resources of limited availability and activities of known durations
and resource requests, linked by precedence relations. The problem consists
of finding a schedule of minimal duration by assigning a start time to each
activity such that the precedence relations and the resource availabilities
are respected.
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RCPSP

Examples of RCPSP

Plannig of production and maintenance processes on the enterprise.

Software development tasks distribution.

Planning of training processes.

Number of publications in last 5 years

Keyword ‘ GoogleScholar ‘ Science Direct
RCPSP 1 560 161
project scheduling 73 300 63 694
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Classical RCPSP formulation

Set of renewable resources R
¢; — capacity of resource X; € R.

Set of activities N = {A;,...,A,}

[Nl = n;
G(N, E) — precedence relations graph;

rj — release time of A; € N;
pj — processing time of A; € N;
ajj — amount of resource X; € R required to process A; € N.

All variables belong to Z,.
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Classical RCPSP formulation

Schedule 7

Sj(m) — start time of activitiy A; € N under 7;
Ci(m) = Sj(m) + pj — completion time of task A; € N under 7.

Feasible schedules M(N, R)
Sj(m) > rj holds for any A; € N, 7 € M(N, R) — release times not
violated;
Cj(m) < Sk(m) for any ejx € E — precedence relations satisfied;

ajj < ¢j forany X; € R, t > 0 — resource capacity not
JEN:S;(m)<t< Cj(m)
violated.
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Classical RCPSP formulation

Problem statement

The RCPSP is the problem of finding a feasible schedule of minimal
makespan subject to precedence constraints and resource constraints, i.e.

min _max Gj(m).
reN(N,R) A;EN

Problem is NP-complete in a strong sense (Garey, Johnson 1975).
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Problem data

2 resources X; and X5 with capacities ¢c; =7 and ¢ = 4;

10 activities.

A TAL A As A, A A A A A Agg
pp |6 1 1 2 3 5 6 3 2 4
a1 |2 1 3 2 1 2 3 1 1 1
a» |1 0o 1 o0 1 1 0 2 2 1
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Precedence relations

()
A)—=0)
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Example

Schedule with minimal makespan
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Decision variant of RCPSP

The decision variant of the RCPSP is the problem of determining whether
a schedule 7 of makespan not greater than H subject to precedence and
resource constraints exists or not.

4

NP-complete in a strong sense

Garey and Johnson (1975) have shown that the decision variant of the
RCPSP with a single resource and no precedence constraints, called the
resource-constrained scheduling problem, is NP-complete in the strong
sense by reduction from the 3-partition problem.
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Exact solution methods for RCPSP

There is a variety of methods to find the exact solutions. Most of them are
based on the following ideas.

Branch-and-Bound approach;

Column Generation;

Constraint Programming.
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Makespan lower bound

Correct makespan lower bound

LB — amount of time which is not higher than makespan value for any
schedule 7 € M(N, R), i.e.

LB < ;\r}gﬁ Gj(m).
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Existing lower bound estimation methods

Critical path

Pmax — length of the longest path in graph G(N, E).
Makespan is not lower than critical path length for any = € IMN(N, R).

Pmax - LBP'

P = 10
O OO
@)

()—=()
@)—@)
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Existing lower bound estimation methods

Resource load

RL; = " pjaji — total amount of reource X; required for the project.
A;eN

Then, under any feasible schedule makespan value should be enough to use
requred amount of any resource X; € R subject to its capacity, i.e.

RL;
LBr = —1.
R [I‘IT'(IC_a’%( Ci —I

In our example

RL_60 .4 R 29 _1
C1_7_ 7’ C2_4_ 4’
4
LBr =[8-]=09.
7 V.
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Existing lower bound estimation methods

Destructive lower bound techniques

Deals with decision variant of RCPSP. The objective is to prove that for
defined horizon H there are no feasible schedule with makespan not higher
than H:

desjunctive lower bounds i.e. maximum clique computation;
Linear Programming (LP) relaxations;

relaxations of decision variant of RCPSP to Cumulative Scheduling
Problem (CuSP);

other constraint programming based approaches;

exact methods of solving decision variant of RCPSP.
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Existing lower bound estimation methods

Satisfiability tests (SAT)
1. Find makespan lower bound LB and upper bound UB using algorithms
with low computational complexity.

2. Consider time horizon H such as LB < H < UB and use some of
destructive lower bound techniques to check the existance of feasible
schedule with makespan not lower than H.

3. Use logarithmic search to find the highest horizon H* which not allows
the existance of feasible schedule.

4. Set the lower bound equals to H* + 1.

| O !

0 LB(T) UB(T)
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Existing lower bound estimation methods

Constraint Propagation to tighten the problem

These approaches makes an interval [r;, D;] of possible processing of
activity A; € N tighter and improve the performances of algorithms. The
most popular approaches are:

timetabling techniques are based on the computation of an
aggregation of the resource demand at every time-point;

edge finding and activity intervals techniques rely on the analysis of
the resource demand over time intervals;

conjunctive reasoning with temporal constraints are based on an
analysis of the current temporal constraint network.
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Existed lower bound estmiation methods

Trivial algorithms

Advantages: low calculation complexity, algorithms can be applied for
large-scaled problems.
Disadvantages: low precision of obtained bound.

Advanced algorithms

Advantages: high precision of obtained bound.

Disadvantages: exponential complexity decrease the efficiency of obtained
bound and make algorithms not possible to be applied for some
large-scaled problems.

Problem!

There is a strong need in the method which can obtain suitable lower
bound for large-scaled instances!
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RCPSP

Some generalizations of RCPSP

RCPSP with time-dependent resource capacities.

RCPSP with minimal and maximal time lags (RCPSP/max) —
generalized precedence relations express relations of start-to-start,
start-to-end, end-to-start, and end-to-end times between pairs of
activities.

Multi-Mode RCPSP (MRCPSP) — activities can be processed in
several modes each of which charachterized by processing time and
required amounts of resources.

RCPSP with flexible resource profile (FRCPSP) — only total amounts
of required resources are given for activies instead, processing times
are not defined.
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RCPSP

PSPLIB benchmark

The library of instances of problems RCPSP, RCPSP/max, MRCPSP,
MRCPSP /max, FRCPSP and others.
Website: http://www.om-db.wi.tum.de/psplib/main.html

Kolisch, R. and A. Sprecher (1996)

PSPLIB - A project scheduling library // European Journal of Operational
Research, Vol. 96, pp. 205-216.

\

R. Kolisch, C. Schwindt und A.Sprecher (1999)

Benchmark instances for project scheduling problems In: Kluwer; Weglarz,
J. (Hrsg.): Handbook on recent advances in project scheduling, pp.
197-212.

N
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Graphical algoritm
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Graphical algorithm

Partition problem

Consider a sorted set of n positive integer numbers B = { by, b, ..., by},
by > by > --- > b,. Divide the set B into two subsets B;, B>, so that

\Z—Z\%min

b;eB; b;eB>
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Graphical algorithm

Partition problem

Consider a sorted set of n positive integer numbers B = {by, by, ..., by},
by > by > --- > b,. Divide the set B into two subsets B;, B>, so that

\Z—Z\%min

b;eB; b;eB>

One-dimensional Knapsack problem

This problem can be viewed as an integer programming problem:
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Graphical algorithm

n
fci=a=b,i=1,...,nand W = % > b;, then Partition problem and
i=1

One-dimensional Knapsack problem are equivalent.
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Graphical algorithm approach
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Scheduling, line balancingand investments problems: Complexity and Algorithms

Project investment problem

n potential projects
A —an investment budget (for all A from interval [A,A”])
f{t) -- a profit function of project |

The goal is to define an amount t;in [0,A] (integer) for each project to maximize the
total profit.

St<=A




Scheduling, line balancingand investments problems: Complexity and Algorithms

Project investment problem

1 3
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Scheduling, line balancingand investments problems: Complexity and Algorithms

Graphical algorithm for the project investment problem

Dynamic programming algorithm O(nA?). Or O(3kA)
F(T) = _max {f,(t)-&-ﬂ 1(T=1)} T'=4A4-1,....1,

In Graphical Algorithm functions fi(t) and Bellman’s functions (value function)
F,(t) are saved in tabular form:

K 1 2 ... k;
. 13
nterval K | [th,45) | [15.¢3) | ... | [t jJﬁ A)
K 1 2 '
bj bj bj e bk
K 1 2 i
”j i.‘:",— ’H,j e ’HJ

Running time for the 15t version of Graphical Algorithm O(nk;,,,, A 109(KaxA))

Running time for the 2" version of Graphical Algorithm O(2kA)




Scheduling, line balancingand investments problems: Complexity and Algorithms

Graphical algorithm for Investments problem

1 3
f
1
: fy
2 4
f
4
HE
K 1 2 3 4

interval K | [0,3) | [3,10) | [10,13) | [13,25]
bF 0 0 7 8

T

3

uf 0 1




Scheduling, line balancingand investments problems: Complexity and Algorithms
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Scheduling, line balancingand investments problems: Complexity and Algorithms

FPTAS for 6 scheduling problems

(a) (b)

by ] o be .
. F:{(t) =u (et ) + b
by Lo e
H > J— >
T T T N




Scheduling, line balancingand investments problems: Complexity and Algorithms

FPTAS for 6 scheduling problems

Problem Time complexity of the GrA Time complex- | Time
ity of the FP- | complex-
TAS ity of the
classical
DPA
> w;U; O(min{2", n - min{dy oz, Fope } 1) [5] - O(ndpmaz)
d; =d;+ A2 U; | Ow%) [3] (Grd) - On > pj)
1> GT; Omin{2", n - {dnee. nF*}}) OmZloglogn + | O(ndpmaz)
1> T; special | O@min{2", n - min{dy, 4, F*}}) (e)(u"/s) O(ndmaz)
case B—1
HIXT; special | O(min{n® - min{dq., F*}}) On?/z) O dpar)
case B — 1G
1d; =d[ > w,T; O(min{n” - min{d, F*}}) O(n’ ‘/C) O dyar)
1(no- Omin{2", n - min{dy, 0. nF=, 2 w;it}) | OmZloglogn + | Olndyy o)
idle)||max > w;T; | [5] ’Li)
1(no- Om”) [4] (GrA) - O(nd oz )
idle)|| max ) T




Graphical Approach to Solve Combinatorial Problems

Dynamic Programming Algorithms for the Problem
1[d=d|>wT,

Single machine

n jobs j=12,..,n
p; processing time d;,=d common due date
w; weight

Tardiness of job j in schedule 7t : T, (1) = max{0,C, (rt)-d}

Goal: Find a schedule rt* that minimizes Jw,T;

3/18 Evaeny Gafaggy, Alexander Lazarev, Frank Weroes



Graphical Approach to Solve Combinatorial Problems

Dynamic Programming Algorithms for the Problem
1[d=d|>wT,

Lemma 1: There exists an optimal schedule
= (G,xH), where
all jobs from set G are on-time and processed in non-increasing order

of the values p/w; ;

all jobs from set H are tardy and processed in non-decreasing order

of the values p/w; ;
the straddling job x starts before time d and is completed no earlier

than time d.

4/18



Graphical Approach to Solve Combinatorial Problems

First Dynamic Programming Algorithm for the
Problem 1/d=d[5w,T,

Let x=1 be the straddling job.

Instepl, I=1,2,...,n for each state t=[0, 3p;] or [0,d]
we choose one of two positions for job /:

\ I T4 (t+p)

‘ T 4(t) | / |

t
The running time is O(nd) for each straddling job x=1,2,...,n

5/18 Evge




Graphical Approach to Solve Combinatorial Problems

The Second Dynamic Programming Algorithm for the
Problem 1/d=d[5w,T,

Let x=1 be the straddling job.

n | n .
=p, 2P

tis the total processing time of the jobs scheduled at the beginning of a schedule.
In step /=n, two states are saved: (p,, F;) and (p,,F,)

n | n-1 n-1

t:pn+pn-1 ij

t=p,.; ij

4 states are saved in step /=n-1

6/18




Graphical Approach to Solve Combinatorial Problems

Comparison of Dynamic Programming Algorithms

In the first algorithm, all integer points (states) t = [0,d] are considered.
The running time is O(nd).

In the second algorithm, only possible points t = [0,d] are considered, which
are computed if the processing of the jobs starts at time 0.
The running time is O(nd) as well.

The second algorithm is faster (since it considers not all points t),
but the first algorithm finds an optimal solution for each integer starting
time from [0,d].

7/18 Evg



Graphical Approach to Solve Combinatorial Problems

8/18

Graphical Algorithm

Dynamic Programming (Bellman 1954)
Functional equations:
consider in each step j all states t € [0,A] N Z

Ly — o o i
fj(t)—min{ O (t) = aj(t) + fi—it —aj), 7=1,2,...

., T

Idea of the graphical algorithm:
Combine several states into a new state

Fort € [t;,t,,,), we have
fi(t) = @4, (t) and an optimal solution X (¢,)

]




Graphical Approach to Solve Combinatorial Problems

Graphical Algorithm
Computations in the first dynamic programming algorithm
t 0 1 2 y ... A
1 (t) valueg | valuey | values | ... | valuey | ... | valuea
optimal partial [ X(0) | X(1) | X(©2) |... | X(v) X(A4)
solution X (¢)
Computations in the graphical algorithm
t to, 21) | [t o) | oo | B tict) | oo | B, —1, )]
fi(t) o1(t) | pat) |- | o) |- O, (1)
optimal partial solution X (t) | X(¢0) | X(t1) | ... | X (&) X (tm;-1)

Fort € [tl: tz+1): we have
fi(t) = @41(t) and an optimal solution X (t,)

9/18




Graphical Approach to Solve Combinatorial Problems

Graphical Algorithm
(a) (b)

A A
fy fj
kel J !
B . i
f=ufti)+b;
b L7 atgo’.:l}‘ ............
T ) kel
L > —r —""—————‘——bj——— >
> 1 k2 1 (]
i 5 oyt Y 3 Pt
k 1 2 ... m; +1 m; +2
- ;o FT my T
interval k | (—oo,t] | (¢1.43] | ... | (£79,¢] 71+ 1 4o0)
v 2 m;+
b 0 b2 N +o0
k 2 ™
uj 0 uj u; } 0
71';“ Trjl. TFJQ 7r;n7+ (1,2,..., 7)
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Graphical Approach to Solve Combinatorial Problems

Graphical Algorithm

k 1 2 ... m; +1 m; +2
- I T2 T T
interval k | (—occtd] | (¢1,83] | ... | (&7, ¢ 71 ] @7, 4o0)
bk 0 b2 b +oo
T T
u;c 0 u? U 711 0
TF;C 7TJ1. TI'JQ o (1,2,....9)
[ [ [ | |
T T 1 T [ 1
I N R
®l(t) P2 (t)

fi11 = min{®L, 02}

11/18




Graphical Approach to Solve Combinatorial Problems

Graphical Algorithm

k 1 2 o m; +1 m; +2
interval k | (—oc,t3] | (¢3.43] | ... | (879,87 H} (¢ - +o0)
bt 0 b2 D +00

u;‘ 0 u? 'LL;n7+l 0
Tr;" 7TJ1. TI'JQ W;.njH (L,2,..., 7)

In the table, 0<b<b?<... since function F(t) is monotonic with t being the starting time.
Function F/(t) can be defined for all t from (-eo,+oo).

Let UB be an upper bound on the optimal objective function value.
Then we have to save only the columns with b/<UB.

The running time of the Graphical Algorithm is O(n min{UB,d}) for each straddling job x.

12/18




Graphical Approach to Solve Combinatorial Problems

FPTAS based on the Graphical Algorithm

k 1 2 A m; + 1 m; +2
- g my T T
interval k | (—oo.t}] | (¢5,63] | ... | (¢]7.¢] J: ] @7, 4o0)
A B m;+
5 0 b2 v oo
k 2 ™
uj 0 uy u;’;1]‘+1 0
i T m " (L2,....j)

In the table, O<b/’<b?<... since function F(t) is monotonic with t being the starting time.

The running time of the Graphical Algorithm is O(n min{UB,d}) for each straddling job x.

To reduce the running time, we can round (approximate) the values b/<UB to get a
polynomial number of different values b/

let § = EUnB.

5 Round b} up or down to the nearest multiple of )
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FPTAS based on the Graphical Algorithm

-1y

& e

8-

t

no more than 4% columns

no more than U(S—B = 2?” different values blk

cumulative error will be no more than nd < eF(7*)

The running time of the FPTAS is O( ﬁ)
€
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Comparison of Dynamic Programming and Graphical
Algorithms

Note Classical DPA GrA Alternative DPA
Can it solve instances | no yes ves

with p; € Z and in-
stances with large values

Pj
states ¢ considered allte[0,dNZ only ¢, where the slope | ounly ¢ from the set
of the function Fi(t) is | &
changed
The running time for the | O(nmin{d, UB}) O(nmin{d, UB}) O(nmin{d, UB})
initial instance
- of the problem | O(ndmq.) O(nmin{dya., UB}) O(nmin{dy.., UB})

1| ©GT; is
- of the problem 1{no- | O(nmin{d,,.., UB}) O(nmin{d,,q., UB, > w;})| O(nmin{d,, ..., UB})
idle)|| max 3 w,T; is

O ={eyp +xap +- - Fxpple e,z € {0,1}}
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Comparison of Dynamic Programming and Graphical
Algorithms

Note Classical DPA GrA Alternative DPA
It finds all optimal sched- | O(nd) O(nd) -
ules for all starting times
t € [0,d] in time

If finds all optimal sched- | O(nUB) O(nUB) -
ules for all starting times
t € (—oo,tYVB] in time

It finds all optimal sched- | O(nF (7', d)) O(nF(x', d}) -
ules for all starting times
t € (—oo, +00) in time

The running time of the | O(%-log L)) O(n®fe)” O(n® fe)**
FPTAS is

. r . . .
n this time, for all ¢ — o0, t solutions can be found with an absolute error restricte

* In this time, for all ¢ € tUB] solutions can be found with bsolute error restricted

by eLB. For all t € [tLBtUB] LB < ( < tUB, solutions can be found with a relative error

restricted by £.

** An approximate solution is only found for the starting time ¢ = 0.
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Graphical Algorithms and the corresponding FPTAS

Problem Time complexity of GrA Time complex- | Time
ity of FPTAS complex-
ity of
classical
DPA
I > w,U; O(min{ 2" n - min{dmaz, Fope }}) 5] - Olndimax)
ld; =d;+A] 22U, | O(n?) [5] - O(n 2 pj)
1] > GT; O(min{ 2" n - {dnaz . nF"}}) O(n”loglogn + | O(ndyax)
i)
1 >°T; special | O(min{2™, n - min{dq., F7}}) O(n[e) O(ndmaz )
case 3 —1
1 Z'I'_,- special t’){min{-n.'-J ~min{dmaz, F7}}) f){-n.3 /) f){-uf"n‘.,,,_,u]
case B — 1G
Ld; =d[ > w,T; O(min{n® min{d, F"}}) O(n? [e) On*dmax)
1{no- O(min{ 2", n - min{dma., nF'", > wjt}) l."){-u.'-J loglogn + | O(ndmas)
idle)||max > w;T; | [5] ﬁ]
1(no- On7) [4] - O(ndmax)
idle)||max 3T
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Unknown objective function problem

1 machine
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Unknown objective function problem

1 machine
2 jobs
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Unknown objective function problem

1 machine

2 jobs

rj — release times

pj — processing times
d; — due dates

...and so on — we assume that all parameters of the jobs are known

beforehand.
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Unknown objective function problem

1 machine

2 jobs

rj — release times

pj — processing times
d; — due dates

...and so on — we assume that all parameters of the jobs are known
beforehand.

k known schedules 7_x, m_x11, ..., m—1 that are optimal according
to an unknown objective function
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Unknown objective function problem

The goal is to construct a new schedule 7 that would be optimal
according to the same objective function, or at least would
approximate the optimal.
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Unknown objective function problem

The goal is to construct a new schedule 7 that would be optimal
according to the same objective function, or at least would
approximate the optimal.

Let's suppose that the unknown objective function is simply linear

Za,-C,-.
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Unknown objective function problem

The goal is to construct a new schedule 7 that would be optimal
according to the same objective function, or at least would
approximate the optimal.

Let's suppose that the unknown objective function is simply linear
Z aj C,'.

If the number of known schedules increases, would the precision of
obtained solution increase too?

How many previous schedules is needed in order to construct a new
schedule with predefined precision?
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Minimizing weighted number of late jobs on a single machine

We'd like to express our deep gratitude to our colleague Philippe Baptiste,

since contest of this section is heavily based on his paper "Polynomial Time
Algorithms for Minimizing the Weighted Number of Late Jobs on a Single

Machine with Equal Processing Times" in Journal of Scheduling 2(6), Nov
1999
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Minimizing the weighted number of late jobs on a single

machine

General structure of single-machine scheduling problems:
1 machine
n jobs, N=1{1,2,3,...,n}

p; — processing time
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Minimizing the weighted number of late jobs on a single

machine

General structure of single-machine scheduling problems:

1 machine
n jobs, N=1{1,2,3,...,n}
p; — processing time
The following parameters may or may not be included:
r; — release time
d; — due date
D; — deadline
w; — weight

Preemptions may be allowed.
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Minimizing the weighted number of late jobs on a single

machine

To indicate the number of late jobs (but not how late they are), the
unit penalty function U; is used:

1, ;> d;
Ui =
0. G<d

Total number of late jobs: ) U;, weighted number of late jobs: ) w;U;
J J
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Minimizing the weighted number of late jobs on a single
machine

Solvable in polynomial time: O(nlog n) (Michael J. Moore, 1968)

Solvable in polynomial time: O(n?) (Eugene L. Lawler, 1990)

Solvable in polynomial time: O(n®log n) (Jacques Carlier, 1968).
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Minimizing the weighted number of late jobs on a single
machine

1lp; = p, rj| > w;Uj, 1lpmtn, pj = p, rj| 3_ w;Uj
Solvable in polynomial time: 1|p; = pr;| > w;U;: O(n")
1| pmtn, p; = p, rj| > w;U;: O(n'°) (Philippe Baptiste, 1998)

NP-hard in the strong sense, but some branch and bound methods exist

llpmtn, r;| >_ U, 1lpmtn, 1| 3~ w;Uj

1|pmtn, rj| >~ U; is polynomially solvable: space: O(n*k?), time: O(nk?), k

is the number of different release times r; 1|pmtn, rj| > w;U; is NP-hard,

but a pseudo-polynomial algorithm was developed: space: O(nk?W?),

time: O(K°W), W =" w; (Eugene L. Lawler, 1990)
J
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Minimizing the weighted number of late jobs on a single
machine

NP-hard in the strong sense. Although the preemptive variant is solvable

exactly by Lawler's pseudo-polynomial algorithm, no exact approach has
been made to solve this problem.
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Scheduling Theory and Applications. Part IV
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Thank you for your attention!
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