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Gantt chart and assembly line
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Gantt chart

Alexander Lazarev

Henry Laurence Gantt (1861-1919)American me-

chanical engineer and management consultant w|
is best known for his work in the development of sc
entic management. In the 1903 he introduced :
graphical method of project schedule representatic
known as the Gantt chart (Gantt diagram).

"A graphical daily balance in manufacture” (1903
"Organizing for Work" (1919)
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An example of Gantt chart
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Modern Gantt chart for production lines
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The history of assembly line - The Ford Company

Henry Ford (July 30, 1863 April 7, 1947) a
business magnate, the founder of the Ford Motor
Company, and the sponsor of the development of t
assembly line technique of mass production.
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Ford assembly line

Ford magneto assembly line, 1913 Ford Model T assembly line
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Scheduling theory term and pioneers
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Scheduling theory term

Alexander Lazarev

Richard Ernest Bellmar1920 1984), American ap-

plied mathematician, famous for his work on dynam
programming and numerous important contribution
in other elds of mathematics. In the 1954 he intro.
duced the term scheduling theory .

"Mathematical Aspects of Scheduling Theory" (1955
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Pioneers of scheduling theory. First results

J. R. Jackson. Scheduling a production to minimize maximum tardines

Research Report 43, Management Science Research Project, Universi
California at Los Angeles, 1955
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J. R. Jackson. Scheduling a production to minimize maximum tardiness
Research Report 43, Management Science Research Project, Universi
California at Los Angeles, 1955

W. E. Smith. Various optimizers for single-stage production. Naval
Research Logistic Quarterly, 3:59-66, 1956

S. M. Johnson. Optimal two-and-three-stage production schedules wit
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First monograph on Scheduling Theory

R. W. Conway, W. L. Maxwell, L. W. MillerTheory of Schedulingl967
(Russian edition in 1975)
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Pioneers of scheduling theory in USSR

Vvedenie v teoriyu raspisanii (Introduction to

Tanaev, V.S. and Shkurba, V.V.
Scheduling Theory), Moscow: Nauka, 1975
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Computational complexity in Scheduling Theory
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Computational complexity

If computational complexity of the algorithm that solves the problem
is O(nK) operations, wherd is some constant number independent
from n, then this problem is called solvable in polynomial time.
Algorithms for the problems mentioned before (Jackson's, Smith's,
Johnson's problems ) are polynomid).( nlogn)

All problems that are solvable within polynomial time formulate a cla
of problems denoted aB. Algorithms with corresponding
computational complexity are callgablynomial

If complexity of the algorithm depends on the values of numerical
parameters of an example, for examp@(nA), then this algorithm is
calledpseudo-polynomial

If complexity of the algorithm has the form @(n*y"), wherex and
y are some constants, then this algorithm is calkedgonential
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Class NP

Suppose that we have a computer that includes a special guessing
component (oracle).

The oracle, given correct input data (i.e. a solution to the given
instance exists), provides some (possibly correct) output data.

The output data provided by oracle needs to be veri éde. we
should construct an algorithm that checks if the output data contain:
a correct solution that is in accordance with provided input data. Th
problem of verifying data provided by oracle could also be formulate
as an instance of recognition problem.
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Class NP

Class NP includes all the problems to which the solution (if such
exists) can be guessed by an oracle, and:

The amount of data in solution provided by oracle is polynomially
bounded,;

The solution provided by oracle can be veri ed in polynontiiale.
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Reduction of one problem to another

It is said that problemA can be reduced to problef in polynomial
time (A / B), if a modi cation algorithm exists, such that:
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Reduction of one problem to another

It is said that problemA can be reduced to problef in polynomial
time (A / B), if a modi cation algorithm exists, such that:

The algorithm transforms any given instanke of problemA into a
corresponding instancky of problemB in polynomialtime

The answer to received instantg of problemB is YES
if and onlyif the answer to the corresponding instanigeof
problemA is YES , too. (Or, less strictly, the solutions of
corresponding instancdg; Ig of problemsA; B always match)
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NP-complete and NP-hard problems

ProblemB is calledNP-hard, if any other probler® 2 NP can be
reduced to problenB in polynomial time.
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NP-complete and NP-hard problems

ProblemB is calledNP-hard, if any other probler® 2 NP can be
reduced to problenB in polynomial time.

ProblemB is calledNP-complete, if:
B is NP-hard;
B belongs to classiP.

If any NP-complete problem is solvable in polynomial time, thenodll
the NP-complete are solvable in polynomial time € NP).
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NP-complete and NP-hard problems

ProblemB is calledNP-hard, if any other probler® 2 NP can be
reduced to problenB in polynomial time.

ProblemB is calledNP-complete, if:
B is NP-hard;
B belongs to classiP.

If any NP-complete problem is solvable in polynomial time, thenodll
the NP-complete are solvable in polynomial time € NP).

NP-hard problemB is calledNP-hard in the strong sense if there is ne
pseudo-polynomial algorithm of solving this problem (supposed that
P 6 NP).
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Classi cation of problems in Machine scheduling

Each problem is denoted ag j , where

describes characteristics of the problem that are related to
machines

describes constraints and conditions of processing of requests.
describes objective function.
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Classi cation of problems in Machine scheduling

describes characteristics of the problem related to machines. Possible
values of :

1 single machine

Pm parallel machines

Qm parallel machines (non-equivalent)
Fm Flow-shop problem

Om Open-shop problem

Jm Job-shop problem
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Classi cation of problems in Machine scheduling

describes constraints and conditions of processing of requests. Possil
contents of eld

r; release dates are specied

d; due dates are specied

D; deadlines are specied

prec precedence relations are speci ed
pmnt preemption is allowed

batch batching problem: groups of requestsb@tcheg can be
processed simultaneously.

Other conditions:p; = p, ...

describes objective function (e.dCmax)-
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Denotations in Scheduling Theory

Obijective functions:
G, completion time
Li = G d lateness
T; =maxf0; G djg tardiness
E =maxf0;,d; Cyg earliness
U; unit penalty: equals 1 if jobj is late (G > d;) and O in the
opposite case

If request weightsy; are provided, all of the previous objective functions
are calledweighed and are multiplied by the value of request weight (ex.,
weighed tardiness; T; is calculated asyy max0; G  djg)
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Denotations in Scheduling Theory

Optimization criteria:
1. Min-max criteria
Cmax ! min  minimizing maximum completion time
(makespan),Cmax = rjnzaNx G. These problems are also called

performance problems
Lmax ! min minimizing maximum latenesd_ max = mzal\f L
i
2: Sumlgnary criteria
G ! min minimizing total completion time
N

Ip
T; ! min minimizing total tardiness
ipN
U ! min minimizing total number of late jobs
j2N
so, problems of maximizing these objective functions are considered (
T; ! max).

i2N
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Problem complexity classi cation

NP-hardness in strong sense is a qualitative property!

Satisfability problem (SAT)

Boolean formuldf (x1; X2; :::; Xn), operations: AND, OR, NOT, (,)

9% = fFALSE, TRUEGQ;i 2f 1;::;;ng: f(X1;X%2; i Xn) = TRUE?

Cook, S. (1971). The complexity of theorem proving procedures.
Proceedings of the Third Annual ACM Symposium on Theory of
Computing. pp. 151 158. doi:10.1145/800157.805047.

Garey, M. R.; Johnson, D. S. (1979). Victor Klee (ed.). Computers an
Intractability: A Guide to the Theory of NP-Completeness. A Series of
Books in the Mathematical Sciences. San Francisco, Calif.: W. H. Freer
and Co. pp. x+338. ISBN 0-7167-1045-5. MR 0519066.
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Classi cation of problems in Machine scheduling

Thus, recordF2jrjjCnax denotes problem of minimizing makespan in
Flow-shop system with two machines in case of rig)n-simultaneous
admission ofF;equests. Other examplefj E p; rjj  w;Tj,

Pmijr;; pmtnj G, ...
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Classi cation of problems in Machine scheduling

Thus, recordF2jrjjCnax denotes problem of minimizing makespan in
Flow-shop system with two machines in case of ri:pn-simultaneous
admission ofF;equests. Other examplefj E p; rjj  w;Tj,

Pmijr;; pmtnj G, ...

Some of previously considered problems in terms of machine
scheduling:

1jrjjLmax (Jackson's problem with non-zero release times)
is NP-gard in the strong sense

1jrjj G (Smith's problem with non-zero release times)
is NP-hard

F3jjCmnax (Johnson's problem with more than 2 machines)
is NP-hard in the strong sense
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Challenges in Scheduling Theory
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Complexity challenges in Scheduling Theory

The majority of formulations are NP-hard in the strong sense.

In this case for real-life scaled problems it is impossible to nd prove
optimal solution (ifP 6 NP).

It leads to the demand for fast algorithms with ¥%good¢, solutions?
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Complexity challenges in Scheduling Theory

A set of %inspired by nature¢ heuristic methods

Tabu search

Simulated Annealing

Ant Colony Optimization
Particle Swarm Optimization

+ speed and simple structure
no estimations of accuracy (optimization criteria value delta)
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Complexity challenges in Scheduling Theory

A set of %inspired by nature¢ heuristic methods
Tabu search

Simulated Annealing
Ant Colony Optimization
Particle Swarm Optimization

+ speed and simple structure
no estimations of accuracy (optimization criteria value delta)

Polynomial-Time Approximation Scheme (PTAS)

+ guaranteed polynomial and accuracy estimations
accuracy forms the complexity, e.gO(n )
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Complexity challenges in Scheduling Theory

Proposed alternative solution method

Metric approach

Guaranteed accuracy provided by error upper bound estimations.

Polynomial complexity does not depend on the accuracy.

Method gives quantitative complexity estimations for the problem i
addition to the qualitative property of NP-hardness.

>

Method is based on:
a metric function for problem input data instance space;
metric-based estimations of accuracy;
polynomially-solvable subclasses of problem input data instances.
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Practical challenges in Scheduling Theory

In industrial cases objective functions are often unknown or are not clearly
de ned (e.g. RZD schedules, Gagarin Cosmonaut Training Center plans).

Plans and schedules do not signi cantly change their structure for years.

New solutions are formed based on a set of previous schedule structure.
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Practical challenges in Scheduling Theory

In industrial cases objective functions are often unknown or are not clearly
de ned (e.g. RZD schedules, Gagarin Cosmonaut Training Center plans).

Plans and schedules do not signi cantly change their structure for years.

New solutions are formed based on a set of previous schedule structure.

A new proposition for these cases

Objective function approximation

There exists a set of previous problem input data instances and solutions.
Objective function is unknown but linear to the completion time of the job.
The rst goal: to nd the form and coe cients of the objective function;

The second goal: to provide the solution for the next instance.
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Section 2

Theoretical results in Scheduling
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Theoretical results in Scheduling

Theoretical results in Scheduling

Metrics approach in scheduling theory
The problem JrjjLmax
1jrjjLmax Solvable cases
Pareto-optimal cases
Instance metric
The closest solpble instance construction LP-problem
Metrics for 1jrjj T;
Measure of polynomial unsolvability
Example: Metrics for the railway scheduling problem

Objective function approximation
Motivation and te,asic idea
The problem Jj ! ;G
Solvability
Approximation problem
Dual complexity reduction

Graphical approach
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Metrics approach in scheduling theory
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The problem jt;jLyax - minimizing maximum lateness

Single machinen jobs

r, release time;

pj > 0 processing time;
d; due date.
J2N=112:::;ng
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one job at any time. j

Alexander Lazarev Metrics and approximations May 21, 2019 36 /188



The problem jt;jLyax - minimizing maximum lateness

Single machinen jobs

r, release time;

pj > 0 processing time;
d; due date.
J2N=112:::;ng

Preemptions of a job are not allowed. The machine can process at mos

one job at any time. j

A schedule describes order of processing the jobs: a permutation(seque
= (jurj2: 25 n). T

Alexander Lazarev Metrics and approximations May 21, 2019 36 /188



The problem jt;jLyax - minimizing maximum lateness

Single machinen jobs

r, release time;

pj > 0 processing time;
d; due date.
J2N=112:::;ng

Preemptions of a job are not allowed. The machine can process at mos
one job at any time. j

A schedule describes order of processing the jobs: a permutation(seque
= ([ T o6 - T

Graham R.L., Lawler E.L., Lenstra J.K., Rinnooy Kan A.HI979
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pi Pi
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pi Pi
o b | j -
0 Fi d G rj G d

= - Yol i
F() mjza|\)1(fcl dig! min
NP-hard in strong sense

Lenstra J.K., Rinnooy Kan A.H.G., Brucker, B977
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1jrjjLmax SOlvable cases

1)rp=08j2N. O(nlogn)
Jackson J.R1955

1) dj = const8j 2 N. O(nlogn)
1) pj=const8j2N.

Simons B.1983. O(n?logn)
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1jrjjLmax SOlvable cases

2) O(n3logn)
d rnn pr d r p dn o pn:

2') dy=rj+ pj+ const8j2N. O(n®logn)

f1;P; Q; Rgjrjjf Lmax; Cmaxd O(n3logn)

Lazarev A.A., Sadykov R.R., Sevastyanov S1988-2007
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1jrjjLmax SOlvable cases

2) O(n3logn)
dp i pr d2 r2 p2 dv ' Pn:

2') dy=rj+ pj+ const8j2N. O(n®logn)

f1;P; Q; Rgjrjjf Lmax; Cmaxd O(n3logn)

Lazarev A.A., Sadykov R.R., Sevastyanov S1988-2007

S)Q%fdk e P9 d r1;;8j2N: O(n?logn)

Hoogeveen J. A1996
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f1;P; Q; Rgjrjjf Lmax; Cmaxd O(n3logn)

Lazarev A.A., Sadykov R.R., Sevastyanov S1988-2007

S)Q%fdk e P9 d r1;;8j2N: O(n?logn)

Hoogeveen J. A1996
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1jrjjLmax SOlvable cases

4) NP-hard in ordinary sense O(N?P + NpmaxP)
8
< d d dn;
rn r In; (2

r;pj;di22%;8j2N:
Lazarev A'AFH Schulgina O.NL998

P = rmax + i [rerfimg 7 =maxri, mn = Min r;, = max pi
max j=1pj min, 'max i2N jr 'min j2NJ Pmax 2N pj
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1jrjjLmax SOlvable cases

5)

8
< d1 d2 dn;

d . pr d 12 p dn h  Pn; (3)
2[11); 2][01]:
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di

8
< dp dp Ch;
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1jrjjLmax SOlvable cases

5)

5)
di

8
<d1

dy

d>
r
2[11),

dn;
pr d2 1
2 [0; 1]:

= 1+ pj+const 8j2N;

Alexander Lazarev

P2

2[1,1);

Metrics and approximations

dn

2 [0; 1]:

n Pn; (3)
2009

O(n®logn)
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Pareto-optimal cases

1j di dj;di [

8
< d d dn;

d . pr d 12 p dn fh  Pn; (4)
2[1,1); 2][01]:

1jd d;di i p di 5 P Lmax Chax
1j (Nst)jj n
O(n®logn)
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Pareto-optimal cases

1jdi dj;d 1
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Instance metric

The approach

Set of parameters=fry;::;rm; pa; i Pn; d1; i3 dag characterizes a
instance.

An instance can be considered as a vector in 3n-dimensional space
parameters.

Alexander Lazarev Metrics and approximations May 21, 2019 44 | 188



Instance metric

The approach

Set of parameters=frq;:::;rm; p1; i Pn; di; i dng characterizes an
instance.
An instance can be considered as a vector in 3n-dimensional space

parameters.

De nitions
For a particular value of parametér2 in the instanceA we will
use upper index ! A,
The value of the objective functioR in the instanceA under the
schedule will be denoted a$”( ).

We denote the optimal schedule for the instankes *.
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Instance metric

Any instance is point inm = 3n-dimension space.

A "hard" instance
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Instance metric

Any instance is point inm = 3n-dimension space.

polynomially (pseudo-polynomially) solvable cone

[ (AB)= FAC®) FACA)

A "hard" instance
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Instance metric

An absolute error of the approximation scheme is bounded by the
metric function (A;B).

The problem frjjLmax is reduced to the minimization of the functio
(A;B) from arbitrary instanceA to the closest polynomially
solvable instanc8.

0 (AB)=F~(® FACH)
(maxfr® rBg minfr® rBg)+
X J J J J
C i PP+
(maxtd® dfg minfd® d°g)
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Instance metric

Metric properties

X
(= me(ef) i) e e+ el o
8
S (M=00 A O

(A= (A) (%)
"(A+B) '(A)+'(B):

A =" (A (AB)=jiA Bj.
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The closest solvable instance construction LP-problem

A =" (A) (A;B) = jiA Bij|
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The closest solvable instance construction LP-problem

A =" (A) (A;B) = jijA Bjj|

Polynomially (pseudo-polynomially) solvable case

AR+ BP+CD H

A, B, C matrixes, R;P;D;H vectors.
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The closest solvable instance construction LP-problem

Projection of an instancA to a polynomially (pseudo-polynomiall
solvable case

The minimum absolute error among all instances from solvable area,
instanceB.

Alexander Lazarev Metrics and approximations May 21, 2019 49 / 188



The closest solvable instance construction LP-problem

Projection of an instancA to a polynomially (pseudo-polynomiall
solvable case

The minimum absolute error among all instances from solvable area,
instanceB.

O(nlogn)

Yr r® %;8j;
ot PP 8l O
jA dB Xd 8J1

8 P :
% (A B)—(Xr y)+ O Yp)*(xa ya)! min
% ARB+BPB+CDB H :
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The closest solvable instance construction LP-problem

j X 3Yr X iXd Yd
1P idP 8 |

yr rjA er Xr; 8 J ;
 pf PP oxp8iixp O

Yd de ij Xd;8];

dé db d?;

B B B B B B B B B.
dy 1 pr d; ra P2 dn My Pn;

8 P . . _
% (AB)=(x% y)+ (% ¥W+(Xd Ya)! min

2[1,1); 2][01]:

4+ 4n variables, & 2 inequalities O(nlogn)
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The closest solvable instance construction LP-problem

Example ofARB + BPB + CDB H :

Inequalities for the subclasgdl dj; d P d 1, Pjjlmax

Instancel = f(r/;pj;d/)jj 2 Ng belongs to this subclass, if there exists the
numberingf 1; 2; :::; ng, which satis es the following inequalities

d =odl;o Lo L
t=d' r' p. Forthis subclaspn b "is

ARB + APB A DB 0, ADE O

2
1 1.0 o0 0 0 0
01 1 0 0 0 0
andA D B0 0 1 1 0 0 0
0 0 0 O 1 1 0
00 0 O 0o 1 1
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Metrics for JrjjLmax and in general case

1j riLmaX
Lazarev A.A Estimation of Absolute Error in Scheduling Problems of

Minimizing the Maximum Latenes®okl. Math., Vol. 76, 2007, P.
572 574.

General case
X

F()= (5 T s Pa; i Pas )
j2N
X X . . . . X . .
(A;B) = (Rijr?*  rfi+ Pyjplt pPi)+  Dyjd?  dPj;
2N i2N i2N

whereR; | Blj, Py j SL.Di | &l
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Metrics for jrjj T,

Problem formulation

SetN = f1;2;:::;ng of n independent jobs must be processed on a sing

machine.
The machine can handle only one job at a time.
Preemptions are not allowed.

The machine is ready to start processing at time 0.
For each jobj, j 2 N, a processing tim@; 0, release date;

due dated; are given.

0 and

In early schedule: §; = r, and§, = maxfr;,;G, ,gfork = 2;::;n,

Alexander Lazarev Metrics and approximations
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Metrics for jr;j  T;

Objective function

Ti( )=maxf0;G( ) djgis the tardiness of the jop in the
schedule .

T;j( ) is the total tardiness in the schedule
j2N
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Metrics for jrjj T,

Objective function

Ti( )=maxf0;G( ) djgis the tardiness of the jop in the
schedule .

T;j( ) is the total tardiness in the schedule
j2N

P
The total tardiness minimization problem is denoted ggj1 T;. \

Mathematicstf Operations Research, Vol. 15. 1990, N. 3, P. 483 495.

Du J., Leung J.Y.T.Minimizing total tardiness on one machine is NP-hart
Problem Jr;j  T; is NP-hard in the ordinary sense. }
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Metrics for jrjj T,

Function
. . X . . X . .
(A;B)=n maxjir® rPj+n  jpf pPj+ jdf dPj
j2N . .
j2N j2N
satis es the axioms of metric function and is applicable as parameters
space metric.

Lemma

For any instance#\, B and schedule

.X A X B .
I T0) T70) (AB)
j2N j2N
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Metrics for jr;j  T;

Lemma

For any instance#\, B and schedule

-x A X B .
I T00) T°0)  (AB)
j2N j2N

Theorem
For any instance# and B

X
TAC®) TAC® 2 (AB)
i2N i2N

There A and B are optimal schedules for instancasand B, respectively.
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Metrics for jrjj T,

LP approximation model

minf=n (y" xD+n @ M)+ x)
j:]_ ]=1
s.t.
r A B r.
xToA By

de d? ij Yd,
o 0pd 0j2N;
A RE+B PB+C DB H

Solvable case class constraints

LP with 7n+2 variables :er, ij, ij, xjp, yjp, xjd, yjd, rLoyhg= 1n,
Alexander Lazarev Metrics and approximations May 21, 2019

57 / 188



Metrics for jrjj T,

Solvable classes

fPR case:p; = p; rj=r;j 2 Ng;
fPD  case:p; = p; d = d; j 2 Ng;
fRD case:rj = r; dy=d; j 2 Ng;

Lemma

For each class the minimum of the functiéfp; d;r) could be constructec

in O(n) operations. For example, f#R  caseit has the minimum at the

i Ao DA — Thax i A - A
point with p 2 f py'; ;i pp'g and r = —&-mn whererp,, = mza'\f s
i

A rjA.

. =min
min jZN

Alexander Lazarev Metrics and approximations May 21, 2019 58 /188

]



Metrics for Jr;j

n=45;::;10

10000 instances were generated for each value of
p; 2 [1,10Q

d 2 [ 10G10Q

r 2 [0;10Q

F4 denotes an approximate objective value of an instance
F denotes an optimal objective value of an instance
= Fa F is exeperimental error
= 2 2 AB) B) is the ratio of experimental error and it's upper bound
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Metrics for jr;j  T;
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Metrics for jr;j  T;
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Measure of polynomial unsolvability

Problem JrjjLnax polynomial solvable classes

R). rj = const (Jackson 1955);

D). d; = const (Lawler 1973);

P). pj = const(Simons 1978);

H. d p A 1, d A A= const(Hoogeveen 1991);
RD). r; rn; dp dn (Hoogeveen 1991);

L). di O;di p1 11 dv pn I (Lazarev 2008);
LA). di dn; dy P1 1 dn Pn In;

= const = const 2][0;1]; 2 [0;+1 ] (Lazarev, Arkhipov 2010).
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Measure of insolvability

Measure of insolvabilityf the instanceA relative to the areaX:

(A) = min (A;B):

Complex measure
E(A) =minf “(A); "(A); P(A); RP(A)g.
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Scalable parameters

Problem A

r1;r2; 0005 s P1;P2; <0 Pn; d1; do; i dy.

Lax(A) = L = KkLA:
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Scalable parameters

Problem A

r1;r2; 0005 s P1;P2; <0 Pn; d1; do; i dy.

Lax(A) = LA:

Problem kA

Lax(A) = L = KkLA:

Problems kA & kB

(kA;kB) = k (A;B):
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Normalization

Normalization factor

rA A0 pA AC dA
A= o ph = (A= — —
i NF(A)" Tl NF(A)’ 7] NF(A)
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Upper bound estimation

Theorem

For each instancé\® which belongs to the 3n-dimensional unit sphere
following inequalities holds:

E(AY < 1:
And if 8] 2 N parameters;j; p;;d; 0, then:

E(AY < pl—z

holds.
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X1 0 X1 0 )(ﬂ 0
NF(AY= M+ pf+ dV =1
j=1 j=1 =1

RD(AQ) = éngn 0fR + Dg; 8i;j 2 N, which holds

@A dYA Ay <o
i rjAoj R;
0.

g d* D
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Hence,9i1;j1;i2;j2 2 N :

( 0 0
riﬁ\ i rﬁ 0 E(A9;
di djfz\ E(AY:

And, due toE(AY  P(A9, 9js:
Pj; = 0:

NF(A) = 1 (r2)2+ (r2)2+(d2)2+ (dh)2 + (ph)2:
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(2 + ()7 + (02 + (o) + ()7 > E(AY?

and
()2 + (92 + (o) + ()7 + (o) > 2E(AY?

. 0 0 0 0 0 .
if rA% A% dA dA% rA are non-negative. Hence,

In 771 7712 772 73
E(AY < 1;
and 1
E(AY < P

. 0 0 0 0 0
if 2 dA d

15 di) i r, are non-negative. QED.
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Strengthening theorem

Algorithm Shrage: for every instande with non-negative parameters of
jobs it is possible to construct the solution n(nlogn) operations with
guaranteed accuracgt® = max p;

i2N
Strengthen theorem

For each instancé which belongs to the 3n-dimensional unit sphere
following inequalities holds that Bj 2 N parameters;; pj;d; 0, then

minf 5P E(A)g < 91—3:

Schrage L. Obtaining Optimal Solutions to Resource Constrained Netwc
Scheduling Problems. Unpublished manuscript 1971.
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Metrics approach and Insolvability measure : conclusio

Metrics allow to construct solutions with guaranteed accuracy in
polynomial time.

Alexander Lazarev Metrics and approximations May 21, 2019 7117188



Metrics approach and Insolvability measure : conclusio

Metrics allow to construct solutions with guaranteed accuracy in
polynomial time.

Measure of polynomial insolvability forms the quantitative property il
addition to the NP-hardness qualitative property!

Theoretically and practically signi cant result.
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Metrics approach and Insolvability measure : conclusio

Metrics allow to construct solutions with guaranteed accuracy in
polynomial time.

Measure of polynomial insolvability forms the quantitative property il
addition to the NP-hardness qualitative property!

Theoretically and practically signi cant result.
Example: Metrics for the railway scheduling problem.
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Example: Metrics for the railway scheduling problem

Initial data

jN2j = 1, jN2j = n% N = Ny [ Nz, jNj=n+ nC

All trains have equal speed, track traversing time.

Minimal time between the departure of two trains from one station .
The transportation starts at timet = 0.

Objective function

We consider a family of objective functions. In schedule€for each train
i 2N S( ) it'sdeparture time; C( ) arrival time, G( )= S( )+ p.

The approach is demonstrated on the maximum lateness objective functio
Lmax( )s Lmax( ) = m?'\)l( Li = nnza'\i(f G() do
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Example: Metrics for the railway scheduling problem

Instances

Denote the problem aS§TR2 (Single Track Railway Scheduling Problem).

The STRZjrjjLmax (with release times;) problem instance: @+ 2
parametersd; andr; for each trainj 2 N are given plus two general
parameters andp.

We consider the problem instances as points in thedimensional space of
parameters, denoted as= frq;:::;ry; dg; i dag.

Metric function
‘RY = irA  (Bi A B
(A;B) rrj12a'3‘(1rJ | r?zari(]dl d’j
satis es the axioms of metric function. For any instancAs B and schedule

iLnax( ) Lhax( )i (AB)
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Example: Metrics for the railway scheduling problem

Optimal schedules” and B for instancesA and B, respectively
For any instances andB: LA, ( B) Liu( ®) 2 (A;B):

LP approximation model ( nd solvable instanBefor A)

min y + X
subject to
y df d® yig2N;
X rjA er X; 8j 2 N;
0 r® 8 2N;

A RE+ B DB H (solvable instance class constraipts

r and d* are given, andk, y, andr®, d® are unknown for alf 2 N;
2n + 2 variables and 5+ m constraints,n = jNj, m the number of
inequalities in .
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Example: Metrics for the railway scheduling problem

Polynomially solvable cases

ForfPR:rj = r; 8] 2 Ng, which is the problenBTR2jjLyax, we have
(A;B)pr = mza,\i(jrjA r:
i

ForfPD : d; = d; 8j 2 Ng, which is the problenSTR2jr;jCnax that has the
same complexity aSTR2jjLmax, We have (A;B)pp = mza&qdjA dj:
J

ForfPDR:ri r;) d d;; 8i;j 2 N; i< jgwheni andj are from the

same station, the case with agreeable due dates and arrival dates for eac

station, we have (A;B)ppr = mzrslha(jrjA r?j+ mza&(jde dfj:
i i

Thus, for an arbitrary instancé\, the nearest instance
in classPR is fBpg : er = L dB dA 8j 2 Ng;

in classPD is fBpp : df = M B =1} 8 2 Ng;

in classPDR the nearest instanc® is constructed by solving the LP with
the special form of the inequality §.
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Objective function approximation

Alexander Lazarev Metrics and approximations May 21, 2019 76 1 188



Basically, a person (company, organization) often constructs schedt
and plans for a day, week, month, etc...

What is your personal planning goal?
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For many cases the criterion is not clearly formalized.

However, the schedule structure in general is the same from one
period to another.
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Basically, a person (company, organization) often constructs schedt
and plans for a day, week, month, etc...

What is your personal planning goal?

To catch all the deadlines or due dates?

Maximize the number of completed tasks or the income?
For many cases the criterion is not clearly formalized.

However, the schedule structure in general is the same from one
period to another.

How can we use the previous schedules to construct the next one if
have no clear objective function?

And if we have the schedules: n, (v 1), ..., o and we must
construct the next schedule;?
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The basic idea

We consider the %inverted¢, scheduling problem.

There is a seK of given pairs of instancds and scheduIeSE,
JKj=N,

Schedule { is the optimal solution for the corresponding instarige

The problem is to nd the form and coe cients of the objective
function.

The objective function is linear to the completion time of the job.
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The problemjji !;G

Single machinen jobs;

pj > 0 processing time;
J2N=112:::;ng;

no precedence relations between jobs.

Preemptions of a job are not allowed. The machine can process at mos
one job at any time. j

A schedule describes order of processing the jobs: a permutation(seque
= (jurj2s 5 0n)- T
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Solvability

1rjj ;G is NP-hard in the strong sence

Eacadcda A.A., Aavadia A b. O4idey dafienaieé. Caaa+é & agaideoid
/I 1iféaa, 1A0, 2011, 222 K.

1j !;G is solvable generalized Smith theorem
There exists an optimal schedule = (jq;:::;]n), such that

Yot o L,

Pis Pi. Pin .

Smith W.E. Various optimizers for single-stage production // Naval Res.
Logist. Quart. 1956. No. 3. P. 59 66.

Alexander Lazarev Metrics and approximations May 21, 2019 80/ 188



Approximation problem

P
We consider the problemjjl !;G;.

N given pairs of instancelg = fps;:::; png and schedulesf(’.
Schedule E is the optimal solution for the corresponding instarige
The problem is to nd the coe cients! ; of the objective function.

The property of an optimal schedule
X X
CE( ! C(Q)!j; 8 6 P k2f1:;Ng
j=1 j=1
In general casé; are de ned by the set oN(n! 1) inequalities.
Is it possible to allocate the subsef M (polynomial number) of
independent inequalities, which forms the equal system?.
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Approximation problem

Basic system of inequalities farl !;G

Pik P:k K T
J1 12 In

Consider arbitrary pair of job8i;j 2f 1;::;;ng; i 6 j.
Separate the seK into two subset;;; andK;.;, depending on the
positions ofi andj in Q.

Ki;

fk2K: E=(:::;i;:::;j;:::)g;

Kii = fk2K: 2=(u5)mmime:
fFrom the basic system;
Jk kZK'J and, Jk IKDLI;’ szi;i-

Ik
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Approximation problem

E ective system of inequalities

8i;j2f1:ung; i 6 j;
Kij=fk2K: 2=(gisnnjog Ky = fk2K: 2=(unjoni;ng
3 k

X(I,J)_ rkg%.(p.k)’ Y(I'])_ lrrz"pi:i(pik)’

XG0 Y

The basic and e ective systems of inequalities are equal.

The set of solutions of both systems is the convex polyhedral cone.
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Approximation problem

The strengthening of inequalities

Multiplication property of inequaltites forms the strengthening procedure:

X(iy)) = mafo(i;j);lz max eij(i;I)X(I;j)gg; i;j2f1:5ng0; 06 j:

f1;::5ng; 16i; |

It can be repeated till some naK and Y.

P
If! = f!4;::! hgis the solution of approximation problemjji !;G;, then
I =f1 4;:5 1 L0is also the soltuion of this problem, i.e. it can be scaled.
Therefore, we can always assume tHat= 1 for some arbitrary one indelx

Vector! = f!q;:::;1 hg is the solution of the e ective system, if
15 if j=1;
1. =
0T k@i Y2 (e L
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Computations

Random sets wittN instancesl, = fp};:::; pkg, n jobs and! 2 were
generated (distributed if0; 1]).

. [ | 0
All the valued were rationed; := J,—’” ! jo = ﬁ

P ., o
(N;n) = % "%,"ﬁ' the error decreases (converges to 0) with growing N
j=1
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Dual complexity reduction
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Duality for non-decreasing penalty functions

Initial problem

= Dy e (G @

Non-decreasing functioris; (G ( ))

Alexander Lazarev Metrics and approximations May 21, 2019 87 /188



Duality for non-decreasing penalty functions

Initial problem

= min  max  (G.( )); (7)

2 (N)k=Tn

Non-decreasing functioris; (G ( ))

Dual problem

= max Zn'ginN)' (G ( )): (8)

=08 j2N

Conway R.W., Maxwell W.L., Miller L. WTheory of Scheduling //
Addison-Wesley, Reading, MA. 1967.
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Duality for non-decreasing penalty functions

=~
1

5l
N

= max  min *(G( )
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Duality for non-decreasing penalty functions

=~
1

5l
N

= max  min *(G( )

kK= rzn(inN)' i (G () k=152 9)
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Duality for non-decreasing penalty functions

= max  min " ,(Gy( )

kK= mmN (G Nk =520 9)
= max (10)
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Duality for non-decreasing penalty functions

"i(t);J = L,2:::;n; any not decreasing functiorsj rj j ' max,
8 k=1,2:::;m n K = n
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Duality for non-decreasing penalty functions

;n; any not decreasing functiorsj rj j ' max,

i = L2
8 k=1;2;: . o -
$= (siz; o), fip T Fin
k=( rnlk k) k=125 " (G ()
= max " (G 1)-
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Duality for non-decreasing penalty functions

;n; any not decreasing functiorsj rj j ' max,

i = L2
8 k_ 1 2 n K> = 5
$= (siz; o), fip T Fin
k=( rnlk k) k=125 " (G ()
= max ", (G ( «))-
k=1;n
0o(n?)
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Duality for non-decreasing penalty functions

Initial problem

= min = i (Gie( )); (11)

Non-decreasing functioh;(Gj( ))
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Duality for non-decreasing penalty functions

Initial problem

= rzn(lnN) I(max i (G () (11)

Non-decreasing functioh;(Gj( ))

Dual problem

= max  min *;,(G( ): 12)

=~
1

g
N
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Duality for non-decreasing penalty functions

Initial problem

= rzn(lnN) I(max i (G () (11)

Non-decreasing functioh;(Gj( ))

Dual problem

= max  min *;,(G( ): 12)

=~
1

g
N

"j(t);] = 1,2;:::;n; any non-decreasing functlor:iSJ " max
8 k=1, 2

Alexander Lazarev Metrics and approximations May 21, 2019 90 / 188



Duality for non-decreasing penalty functions

Initial problem

= rzn(lnN) I(max i (G () (11)

Non-decreasing functioh;(Gj( ))

Dual problem

= max  min *;,(G( ): 12)

=~
1

g
N

"j(t);] = 1,2;:::;n; any non-decreasing functlor:iSJ " max
8 k=1, 2

Branch and bound
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Duality for non-decreasing penalty functions

Initial problem is NP-hard in the strong sense!

Preceding, Dual problem

G single machine O(n?)
G : many machines NP-hard in the ordinary sense

Non-decreasing penalty functiong(Gi( ))
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Graphical approach
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Graphical approach

Partition problem

by by b,. Divide the setB into two subsetB,, By, so that
X X
j b bij! min
i2B; i2B,
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Graphical approach

Partition problem

by by b,. Divide the setB into two subsetB,, By, so that
X X
i o] bij! min
2By i2B>

One-dimensional Knapsack problem
This problem can be viewed as an integer programming problem:
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Graphical approach

P
fc=a==Db;i=1::;;nandW = % b;, then Partition problem and

i=1
One-dimensional Knapsack problem are equivalent.
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Section 3

Practical results
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Practical results

Practical results
Education planning

Cosmonaut training scheduling problem
Cosmonaut training scheduling problem statement
Volume planning problem
Timetabling problem
Results

Railway operational and maintenance scheduling
Railway scheduling problems and existing methods
Laboratory projects in railway scheduling
Two-station single track railway scheduling problem
Dynamic programming approach
Results for STR2
Single track railway scheduling problem with a siding
Dynamic programming approach for STR2S
Results for STR2S
Freight car routing
Locomotive assignment scheduling problem
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Education planning
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Education planning

1C Software product
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Education planning

Schedule construction in manual/automatic/mixed mode.
30 universities, 55 colleges, 160 schools
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Education planning

To construct a feasible schedule that ts in all constraints,
or an optimal schedule that minimizes the number of
windows (blank spaces) in a schedule;
transitions between buildings during a day;
unful lled sta wishes;
used rooms;

Mathematical problem

Timetabling (over 1600 papers on similar problems on
ScienceDirect.com).

Problem is NP-hard.

Fast metaheuristic ant-colony based solution approach was propos

Fan)
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Cosmonaut training scheduling problem
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