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Gantt chart and assembly line
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Gantt chart

Henry Laurence Gantt (1861-1919), American me-
chanical engineer and management consultant who
is best known for his work in the development of sci-
enti�c management. In the 1903 he introduced a
graphical method of project schedule representation
known as the Gantt chart (Gantt diagram).

"A graphical daily balance in manufacture" (1903)
"Organizing for Work" (1919)
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Gantt chart

An example of Gantt chart
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Gantt chart

Modern Gantt chart for production lines
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The history of assembly line - The Ford Company

Henry Ford (July 30, 1863 � April 7, 1947) � a
business magnate, the founder of the Ford Motor
Company, and the sponsor of the development of the
assembly line technique of mass production.
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Ford assembly line

Ford magneto assembly line, 1913 Ford Model T assembly line
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Scheduling theory term and pioneers
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Scheduling theory term

Richard Ernest Bellman(1920�1984), American ap-
plied mathematician, famous for his work on dynamic
programming and numerous important contributions
in other �elds of mathematics. In the 1954 he intro-
duced the term �scheduling theory�.

"Mathematical Aspects of Scheduling Theory" (1955)
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Pioneers of scheduling theory. First results

J. R. Jackson. Scheduling a production to minimize maximum tardiness.
Research Report 43, Management Science Research Project, University of
California at Los Angeles, 1955

W. E. Smith. Various optimizers for single-stage production. Naval
Research Logistic Quarterly, 3:59-66, 1956

S. M. Johnson. Optimal two-and-three-stage production schedules with
set-up times included. Naval Research Logistics Quarterly, 1:61-68, 1954

First monograph on Scheduling Theory
R. W. Conway, W. L. Maxwell, L. W. Miller.Theory of Scheduling, 1967
(Russian edition in 1975)
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Pioneers of scheduling theory in USSR

Tanaev, V.S. and Shkurba, V.V.
Vvedenie v teoriyu raspisanii (Introduction to
Scheduling Theory), Moscow: Nauka, 1975
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Computational complexity in Scheduling Theory
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Computational complexity

� If computational complexity of the algorithm that solves the problem
is O(nk ) operations, wherek is some constant number independent
from n, then this problem is called solvable in polynomial time.
Algorithms for the problems mentioned before (Jackson's, Smith's,
Johnson's problems ) are polynomial.O( nlogn)

� All problems that are solvable within polynomial time formulate a class
of problems denoted asP. Algorithms with corresponding
computational complexity are calledpolynomial.

� If complexity of the algorithm depends on the values of numerical
parameters of an example, for example,O(nA), then this algorithm is
calledpseudo-polynomial.

� If complexity of the algorithm has the form ofO(nxyn), wherex and
y are some constants, then this algorithm is calledexponential.
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Class NP

� Suppose that we have a computer that includes a special �guessing�
component (oracle).

� The oracle, given correct input data (i.e. a solution to the given
instance exists), provides some (possibly correct) output data.

� The output data provided by oracle needs to be veri�ed, i. e. we
should construct an algorithm that checks if the output data contains
a correct solution that is in accordance with provided input data. The
problem of verifying data provided by oracle could also be formulated
as an instance of recognition problem.
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Class NP

� Class NP includes all the problems to which the solution (if such
exists) can be guessed by an oracle, and:

� The amount of data in solution provided by oracle is polynomially
bounded;

� The solution provided by oracle can be veri�ed in polynomialtime.
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Reduction of one problem to another

It is said that problemA can be reduced to problemB in polynomial
time (A / B), if a modi�cation algorithm exists, such that:

� The algorithm transforms any given instanceIA of problemA into a
corresponding instanceIB of problemB in polynomialtime

� The answer to received instanceIB of problemB is �YES�
if and onlyif the answer to the corresponding instanceIA of
problemA is �YES� , too. (Or, less strictly, the solutions of
corresponding instancesIA; IB of problemsA; B always match)
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NP-complete and NP-hard problems

ProblemB is calledNP-hard, if any other problemA 2 NP can be
reduced to problemB in polynomial time.

ProblemB is calledNP-complete, if:

� B is NP-hard;

� B belongs to classNP.

If any NP-complete problem is solvable in polynomial time, then allof
the NP-complete are solvable in polynomial time (P = NP).

NP-hard problemB is calledNP-hard in the strong sense if there is no
pseudo-polynomial algorithm of solving this problem (supposed that
P 6= NP).
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Classi�cation of problems in Machine scheduling

Each problem is denoted as� j� j
 , where

� � describes characteristics of the problem that are related to
machines

� � describes constraints and conditions of processing of requests.

� 
 describes objective function.
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Classi�cation of problems in Machine scheduling

� describes characteristics of the problem related to machines. Possible
values of� :

� 1 � single machine

� Pm � parallel machines

� Qm � parallel machines (non-equivalent)

� Fm � Flow-shop problem

� Om � Open-shop problem

� Jm � Job-shop problem

� . . .
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Classi�cation of problems in Machine scheduling

� describes constraints and conditions of processing of requests. Possible
contents of �eld � :

� rj � release dates are speci�ed

� dj � due dates are speci�ed

� Dj � deadlines are speci�ed

� prec � precedence relations are speci�ed

� pmnt � preemption is allowed

� batch � batching problem: groups of requests (batches) can be
processed simultaneously.

� Other conditions:pj = p, . . .


 describes objective function (e.g.,Cmax).
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Denotations in Scheduling Theory

Objective functions:

� Cj � completion time

� Lj = Cj � dj � lateness

� T j = maxf 0; Cj � dj g � tardiness

� Ej = maxf 0; dj � Cj g � earliness

� Uj � unit penalty: equals 1 if job j is late (Cj > dj ) and 0 in the
opposite case

If request weightswj are provided, all of the previous objective functions
are calledweighed, and are multiplied by the value of request weight (ex.,
weighed tardinesswj T j is calculated aswj maxf 0; Cj � dj g)
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Denotations in Scheduling Theory

Optimization criteria:

1: Min-max criteria
� Cmax ! min � minimizing maximum completion time
(makespan),Cmax = max

j 2 N
Cj . These problems are also called

performance problems.
� Lmax ! min � minimizing maximum latenessLmax = max

j 2 N
Lj

2: Summary criteria
�

P

j 2 N
Cj ! min � minimizing total completion time

�
P

j 2 N
T j ! min � minimizing total tardiness

�
P

j 2 N
Uj ! min � minimizing total number of late jobs

Also, problems of maximizing these objective functions are considered (ex.,P

j 2 N
T j ! max).
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Problem complexity classi�cation

NP-hardness in strong sense is a qualitative property!

Satisfability problem (SAT)

Boolean formulaf (x1; x2; :::; xn), operations: AND, OR, NOT, (, )

9xi = f FALSE; TRUEg; i 2 f 1; :::; ng : f (x1; x2; :::; xn) = TRUE?

Cook, S. (1971). The complexity of theorem proving procedures.
Proceedings of the Third Annual ACM Symposium on Theory of
Computing. pp. 151�158. doi:10.1145/800157.805047.

Garey, M. R.; Johnson, D. S. (1979). Victor Klee (ed.). Computers and
Intractability: A Guide to the Theory of NP-Completeness. A Series of
Books in the Mathematical Sciences. San Francisco, Calif.: W. H. Freeman
and Co. pp. x+338. ISBN 0-7167-1045-5. MR 0519066.
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Classi�cation of problems in Machine scheduling

Thus, recordF2jrj jCmax denotes problem of minimizing makespan in
Flow-shop system with two machines in case of non-simultaneous
admission of requests. Other examples: 1jpj = p; rj j

P
wj T j ,

Pmjrj ; pmtnj
P

Cj , . . .

Some of previously considered problems in terms of machine
scheduling:

� 1jrj jLmax (Jackson's problem with non-zero release times)
is NP-hard in the strong sense
� 1jrj j

P
Cj (Smith's problem with non-zero release times)

is NP-hard
� F3jjCmax (Johnson's problem with more than 2 machines)
is NP-hard in the strong sense
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Challenges in Scheduling Theory
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Complexity challenges in Scheduling Theory

� The majority of formulations are NP-hard in the strong sense.

� In this case for real-life scaled problems it is impossible to �nd proven
optimal solution (ifP 6= NP).

� It leads to the demand for fast algorithms with ¾good¿ solutions?
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Complexity challenges in Scheduling Theory

A set of ¾inspired by nature¿ heuristic methods
� Tabu search

� Simulated Annealing

� Ant Colony Optimization

� Particle Swarm Optimization

+ speed and simple structure
� no estimations of accuracy (optimization criteria value delta)

Polynomial-Time Approximation Scheme (PTAS)

+ guaranteed polynomial and accuracy estimations
� accuracy forms the complexity, e.g.O(n� )
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Complexity challenges in Scheduling Theory

Proposed alternative solution method

Metric approach
� Guaranteed accuracy provided by error upper bound estimations.

� Polynomial complexity does not depend on the accuracy.

� Method gives quantitative complexity estimations for the problem in
addition to the qualitative property of NP-hardness.

Method is based on:

� a metric function for problem input data instance space;

� metric-based estimations of accuracy;

� polynomially-solvable subclasses of problem input data instances.
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Practical challenges in Scheduling Theory

� In industrial cases objective functions are often unknown or are not clearly
de�ned (e.g. RZD schedules, Gagarin Cosmonaut Training Center plans).

� Plans and schedules do not signi�cantly change their structure for years.

� New solutions are formed based on a set of previous schedule structure.

A new proposition for these cases

Objective function approximation

� There exists a set of previous problem input data instances and solutions.

� Objective function is unknown but linear to the completion time of the job.

� The �rst goal: to �nd the form and coe�cients of the objective function;

� The second goal: to provide the solution for the next instance.
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Section 2

Theoretical results in Scheduling
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Theoretical results in Scheduling

2 Theoretical results in Scheduling
Metrics approach in scheduling theory

The problem 1jrj jLmax

1jrj jLmax solvable cases
Pareto-optimal cases
Instance metric
The closest solvable instance construction LP-problem
Metrics for 1jrj j

P
T j

Measure of polynomial unsolvability
Example: Metrics for the railway scheduling problem

Objective function approximation
Motivation and basic idea
The problem 1jj

P
! j Cj

Solvability
Approximation problem

Dual complexity reduction
Graphical approach
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Metrics approach in scheduling theory
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The problem 1jrj jLmax - minimizing maximum lateness

1jrj jLmax

Single machine,n jobs
rj � release time;
pj > 0 � processing time;
dj � due date.
j 2 N = f 1; 2; : : : ; ng

Preemptions of a job are not allowed. The machine can process at most
one job at any time.

A schedule describes order of processing the jobs: a permutation(sequence)
� = ( j1; j2; :::; jn).

Graham R.L., Lawler E.L., Lenstra J.K., Rinnooy Kan A.H.G.1979
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0

� i

pi

Cidiri

j

pj

Cj djrj

F(� ) = max
j 2 N

f Cj � dj g ! min
�

NP-hard in strong sense

Lenstra J.K., Rinnooy Kan A.H.G., Brucker, P.1977
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1jrj jLmax solvable cases

1) rj = 0; 8 j 2 N. O(n logn)
Jackson J.R.1955

1') dj = const; 8 j 2 N. O(n logn)

1�) pj = const; 8 j 2 N.
Simons B.1983. O(n2 logn)
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1jrj jLmax solvable cases

2) O(n3 logn)
�

d1 � d2 � � � � � dn;
d1 � r1 � p1 � d2 � r2 � p2 � � � � � dn � rn � pn:

(1)

2') dj = rj + pj + const; 8 j 2 N. O(n3 logn)

f 1; P; Q; Rgjrj jf Lmax; Cmaxg O(n3 logn)

Lazarev A.A., Sadykov R.R., Sevastyanov S.V.1988-2007

3) max
k2 N

f dk � rk � pkg � dj � rj ; 8 j 2 N: O(n2 logn)

Hoogeveen J. A.1996
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1jrj jLmax solvable cases

4) NP-hard in ordinary sense O(n2P + npmaxP)
8
<

:

d1 � d2 � � � � � dn;
r1 � r2 � � � � � rn;
rj ; pj ; dj 2 Z+ ; 8 j 2 N:

(2)

Lazarev A.A., Schulgina O.N.1998

P = rmax +
nP

j = 1
pj � rmin, rmax = max

j 2 N
rj , rmin = min

j 2 N
rj , pmax = max

j 2 N
pj
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1jrj jLmax solvable cases

5)

8
<

:

d1 � d2 � � � � � dn;
d1 � � r1 � � p1 � d2 � � r2 � � p2 � � � � � dn � � rn � � pn;
� 2 [1; 1 ); � 2 [0; 1]:

(3)

5')
dj = � rj + � pj + const; 8 j 2 N; � 2 [1; 1 ); � 2 [0; 1]: 2009

O(n3 logn)
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O(n3 logn)
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Pareto-optimal cases
1 j di � dj ; di � � ri � � pi � dj � � rj � � pj j Lmax; Cmax

8
<

:

d1 � d2 � � � � � dn;
d1 � � r1 � � p1 � d2 � � r2 � � p2 � � � � � dn � � rn � � pn;
� 2 [1; 1 ); � 2 [0; 1]:

(4)

1 j di � dj ; di � � ri � � pi � dj � � rj � � pj j Lmax; Cmax

1 �jj �( N; t ) jj� n

O(n3 logn)
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Pareto-optimal cases
1 j di � dj ; di � � ri � � pi � dj � � rj � � pj j Lmax; Cmax

1 �jj �( N; t ) jj= m � n

O(n3 logn)
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Instance metric

The approach
� Set of parameters
 = f r1; :::; rn; p1; :::; pn; d1; :::; dng characterizes an

instance.

� An instance can be considered as a vector in 3n-dimensional space of
parameters.

De�nitions
� For a particular value of parameter! 2 
 in the instanceA we will

use upper index :! A.

� The value of the objective functionF in the instanceA under the
schedule� will be denoted asFA(� ).

� We denote the optimal schedule for the instanceA as � A.
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Instance metric

Any instance is point inm = 3n-dimension space.

A � "hard" instance

0

polynomially (pseudo-polynomially) solvable cone

B � (A; B) = FA(� B ) � FA(� A)
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Instance metric

� An absolute error of the approximation scheme is bounded by the
metric function� (A; B).

� The problem 1jrj jLmax is reduced to the minimization of the function
� (A; B) � from arbitrary instanceA to the closest polynomially
solvable instanceB.

1jrj jLmax

0 � � (A; B) = FA(� B ) � FA(� A) �

(maxf rA
j � rB

j g � minf rA
j � rB

j g) +

(
X

jpA
j � pB

j j) +

(maxf dA
j � dB

j g � minf dA
j � dB

j g)
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Instance metric

Metric properties

' (A) = max
j 2 N

(rA
j ) � min

j 2 N
(rA

j ) + max
j 2 N

(dA
j ) � min

j 2 N
(dA

j ) +
X

j 2 N

jpA
j j � 0:

8
<

:

' (A) = 0 () A � 0;
' (� A) = �' (A);
' (A + B) � ' (A) + ' (B):

(5)

jjAjj = ' (A) � (A; B) = jjA � Bjj .
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The closest solvable instance construction LP-problem

jjAjj = ' (A) � (A; B) = jjA � Bjj

Polynomially (pseudo-polynomially) solvable case

AR + BP + CD � H

A, B, C � matrixes, R; P; D; H � vectors.
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The closest solvable instance construction LP-problem

Projection of an instanceA to a polynomially (pseudo-polynomially)
solvable case
The minimum absolute error among all instances from solvable area,�
instanceB.

O(n logn)

8
>>>>>><

>>>>>>:

� (A; B) = ( xr � yr ) +
P

(xp � yp) + ( xd � yd ) ! min

yr � rA
j � rB

j � xr ; 8 j ;
� x j

p � pA
j � pB

j � x j
p; 8 j ; x j

p � 0;
yd � dA

j � dB
j � xd ; 8 j ;

ARB + BPB + CDB � H :
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The closest solvable instance construction LP-problem

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

� (A; B) = ( xr � yr ) +
P

j
(x j

p � y j
p) + ( xd � yd ) ! min

xr ;yr ;x j
p ;xd ;yd ;

r B
j ;pB

j ;dB
j ;8 j

yr � rA
j � rB

j � xr ; 8 j ;
� x j

p � pA
j � pB

j � x j
p; 8 j ; x j

p � 0;
yd � dA

j � dB
j � xd ; 8 j ;

dB
1 � dB

2 � � � � � dB
n ;

dB
1 � � rB

1 � � pB
1 � dB

2 � � rB
2 � � pB

2 � � � � � dB
n � � rB

n � � pB
n ;

� 2 [1; 1 ); � 2 [0; 1]:

4 + 4n variables, 8n � 2 inequalities O(n logn)
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The closest solvable instance construction LP-problem

Example ofARB + BPB + CDB � H :

Inequalities for the subclass 1jdi � dj ; di � ri � pi � dj � rj � pj jLmax

InstanceI = f (r I
j ; pI

j ; dI
j )jj 2 Ng belongs to this subclass, if there exists the

numberingf 1; 2; :::; ng, which satis�es the following inequalities

dI
1 � ::: � dI

n; � I
1 � ::: � � I

n;

where� I
j = dI

j � r I
j � pI

j . For this subclassA (n� 1)� n is

ARB + APB � A DB � 0; ADB � 0:

and A (n� 1)� n =

2

6
6
6
6
6
6
4

1 � 1 0 0 ::: 0 0 0
0 1 � 1 0 ::: 0 0 0
0 0 1 � 1 ::: 0 0 0
::: ::: ::: ::: ::: ::: ::: :::
0 0 0 0 ::: 1 � 1 0
0 0 0 0 ::: 0 1 � 1

3

7
7
7
7
7
7
5

;

Alexander Lazarev Metrics and approximations May 21, 2019 51 / 188



Metrics for 1jrj jLmax and in general case

1jrj jLmax

Lazarev A.A.Estimation of Absolute Error in Scheduling Problems of
Minimizing the Maximum Lateness, Dokl. Math., Vol. 76, 2007, P.
572�574.

General case

F(� ) =
X

j 2 N

� j (�; r1; :::; rn; p1; :::; pn; dj )

� (A; B) =
X

j 2 N

X

i 2 N

(Rji jrA
j � rB

j j + Pji jpA
j � pB

j j) +
X

j 2 N

Dj jdA
j � dB

j j;

whereRji � j @�j
@ri

j, Pji � j @�j
@pi

j, Dji � j @�j
@di

j.

Alexander Lazarev Metrics and approximations May 21, 2019 52 / 188



Metrics for 1jrj j
P

T j

Problem formulation
Set N = f 1; 2; :::; ng of n independent jobs must be processed on a single
machine.

� The machine can handle only one job at a time.

� Preemptions are not allowed.

� The machine is ready to start processing at time 0.

For each jobj , j 2 N, a processing timepj � 0, release daterj � 0 and
due datedj are given.

In early schedule� : Sj1 = rj1 and Sjk = maxf rjk ; Cjk� 1 g for k = 2; :::; n,
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Metrics for 1jrj j
P

T j

Objective function
� T j (� ) = maxf 0; Cj (� ) � dj g is the tardiness of the jobj in the

schedule� .

�
P

j 2 N
T j (� ) is the total tardiness in the schedule� .

The total tardiness minimization problem is denoted as 1jrj j
P

T j .

Du J., Leung J.Y.T.Minimizing total tardiness on one machine is NP-hard
Mathematics of Operations Research, Vol. 15. 1990, N. 3, P. 483 � 495.
Problem 1jrj j

P
T j is NP-hard in the ordinary sense.
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Metrics for 1jrj j
P

T j

Theorem
Function

� (A; B) = n � max
j 2 N

jrA
j � rB

j j + n �
X

j 2 N

jpA
j � pB

j j +
X

j 2 N

jdA
j � dB

j j

satis�es the axioms of metric function and is applicable as parameters
space metric.

Lemma
For any instancesA, B and schedule�

j
X

j 2 N

T A
j (� ) �

X

j 2 N

T B
j (� )j � � (A; B)
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Metrics for 1jrj j
P

T j

Lemma
For any instancesA, B and schedule�

j
X

j 2 N

T A
j (� ) �

X

j 2 N

T B
j (� )j � � (A; B)

Theorem
For any instancesA and B

X

j 2 N

T A
j (� B ) �

X

j 2 N

T A
j (� A) � 2� (A; B)

There � A and � B are optimal schedules for instancesA and B, respectively.
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Metrics for 1jrj j
P

T j

LP approximation model

min f = n � (yr � xr ) + n �
nX

j = 1

(yp
j � xp

j ) + �
nX

j = 1

(yd
j � xd

j )

s.t.
xr � rA

j � rB
j � yr ;

xp
j � pA

j � pB
j � yp

j ;

xd
j � dA

j � dB
j � yd ;

rB
j � 0; pB

j � 0; j 2 N;

A � RB + B � PB + C �DB � H

Solvable case class constraints

LP with 7n+2 variables :rB
j , pB

j , dB
j , xp

j , yp
j , xd

j , yd
j , xr , yr ,j = 1; :::; n.
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Metrics for 1jrj j
P

T j

Solvable classes
� fPR � case: pj = p; rj = r ; j 2 Ng;

� fPD � case: pj = p; dj = d; j 2 Ng;

� fRD � case: rj = r ; dj = d; j 2 Ng;

Lemma
For each class the minimum of the functionf (p; d; r ) could be constructed
in O(n) operations. For example, forPR � caseit has the minimum at the

point with p 2 f pA
1 ; :::; pA

n g and r = r A
max � r A

min
2 , whererA

max = max
j 2 N

rA
j ,

rA
min = min

j 2 N
rA
j .
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Metrics for 1jrj j
P

T j

Computational experiments
� n = 4; 5; :::; 10

� 10000 instances were generated for each value ofn

� pj 2 [1; 100]

� dj 2 [� 100; 100]

� rj 2 [0; 100]

� Fa denotes an approximate objective value of an instance

� F � denotes an optimal objective value of an instance

� � = Fa � F � is exeperimental error

� � = Fa� F �

2� (A;B) is the ratio of experimental error and it's upper bound
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Metrics for 1jrj j
P

T j
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Metrics for 1jrj j
P

T j
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Measure of polynomial unsolvability

Problem 1jrj jLmax polynomial solvable classes

R). rj = const (Jackson 1955);

D). dj = const (Lawler 1973);

P). pj = const (Simons 1978);

H). dj � pj � A � rj � dj � A; A = const (Hoogeveen 1991);

RD). r1 � � � � � rn; d1 � � � � � dn (Hoogeveen 1991);

L). d1 � � � � � dn; d1 � p1 � r1 � � � � � dn � pn � rn (Lazarev 2008);

LA). d1 � � � � � dn; d1 � � p1 � � r1 � � � � � dn � � pn � � rn;
� = const; � = const; � 2 [0; 1]; � 2 [0; + 1 ] (Lazarev, Arkhipov 2010).
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Measure of insolvability

Measure of insolvabilityof the instanceA relative to the areaX :

� X (A) = min
B2 X

� (A; B):

Complex measure

E(A) = min f � L(A); � H (A); � P (A); � RD (A)g.
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Scalable parameters

Problem A
r1; r2; : : : ; rn; p1; p2; : : : ; pn; d1; d2; : : : ; dn.

L�
max(A) = LA:

Problem kA
kr1; kr2; : : : ; krn; kp1; kp2; : : : ; kpn; kd1; kd2; : : : ; kdn.

L�
max(A) = LkA = kLA:

Problems kA & kB

� (kA; kB) = k� (A; B):
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Normalization

Normalization factor

NF(A) =

s
nP

j = 1
rj +

nP

j = 1
pj +

nP

j = 1
dj

Normalized parameters

rA0

j =
r A
j

NF (A) ; pA0

j =
pA

j
NF (A) ; dA0

j =
dA

j
NF (A) .
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Upper bound estimation

Theorem
For each instanceA0 which belongs to the 3n-dimensional unit sphere
following inequalities holds:

E(A0) < 1:

And if 8j 2 N parametersrj ; pj ; dj � 0, then:

E(A0) <
1

p
2

holds.
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Proof

NF(A0) =
nX

j = 1

rA0

j +
nX

j = 1

pA0

j +
nX

j = 1

dA0

j = 1;

� RD (A0) = min
R;D� 0

f R + Dg; 8i ; j 2 N, which holds

(dA0

j � dA0

i )( rA0

j � rA0

i ) < 0:

"
jrA0

i � rA0

j j � R;

jdA0

i � dA0

j j � D:
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Proof

Hence,9i1; j1; i2; j2 2 N :
(

rA0

i1 � rA0

j1 � E(A0);

dA0

i2 � dA0

j2 � E(A0):

And, due toE(A0) � � P (A0), 9j3:

pj3 > 0:

NF(A0) = 1 � (rA0

i1 )2 + ( rA0

j1 )2 + ( dA0

i2 )2 + ( dA0

j2 )2 + ( pA0

j3 )2:
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Proof

(rA0

i1 )2 + ( rA0

j1 )2 + ( dA0

i2 )2 + ( dA0

j2 )2 + ( pA0

j3 )2 > E(A0)2;

and
(rA0

i1 )2 + ( rA0

j1 )2 + ( dA0

i2 )2 + ( dA0

j2 )2 + ( pA0

j3 )2 > 2E(A0)2

if rA0

i1 ; rA0

j1 ; dA0

i2 ; dA0

j2 ; rA0

j3 are non-negative. Hence,

E(A0) < 1;

and
E(A0) <

1
p

2
;

if rA0

i1 ; rA0

j1 ; dA0

i2 ; dA0

j2 ; rA0

j3 are non-negative. QED.
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Strengthening theorem

Algorithm Shrage: for every instanceA with non-negative parameters of
jobs it is possible to construct the solution inO(n logn) operations with
guaranteed accuracyeED = max

j 2 N
pj

Strengthen theorem
For each instanceA which belongs to the 3n-dimensional unit sphere
following inequalities holds that if8j 2 N parametersrj ; pj ; dj � 0, then

minf eED ; E(A)g <
1

p
3

:

Schrage L. Obtaining Optimal Solutions to Resource Constrained Network
Scheduling Problems. Unpublished manuscript 1971.
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Metrics approach and Insolvability measure : conclusion

� Metrics allow to construct solutions with guaranteed accuracy in
polynomial time.

� Measure of polynomial insolvability forms the quantitative property in
addition to the NP-hardness qualitative property!

� Theoretically and practically signi�cant result.

� Example: Metrics for the railway scheduling problem.
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Example: Metrics for the railway scheduling problem

Initial data
� j N1j = n, jN2j = n0, N = N1 [ N2, jNj = n + n0.

� All trains have equal speed, track traversing time �p.

� Minimal time between the departure of two trains from one station �� .

� The transportation starts at timet = 0.

Objective function

� We consider a family of objective functions. In schedule� , for each train
i 2 N Si (� ) � it's departure time; Ci (� ) � arrival time, Ci (� ) = Si (� ) + p.

� The approach is demonstrated on the maximum lateness objective function
Lmax(� ), Lmax(� ) = max

i 2 N
Li = max

i 2 N
f Ci (� ) � di g:

Alexander Lazarev Metrics and approximations May 21, 2019 72 / 188



Example: Metrics for the railway scheduling problem

Instances

� Denote the problem asSTR2 (Single Track Railway Scheduling Problem).

� The STR2jrj jLmax (with release timesrj ) problem instance: 2n + 2
parameters,dj and rj for each trainj 2 N are given plus two general
parameters� and p.

� We consider the problem instances as points in the 2n-dimensional space of
parameters, denoted as
 = f r1; :::; rn; d1; :::; dng.

Metric function

� (A; B) = max
j 2 N

jrA
j � rB

j j + max
j 2 N

jdA
j � dB

j j

satis�es the axioms of metric function. For any instancesA, B and schedule�

jLA
max(� ) � LB

max(� )j � � (A; B)
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Example: Metrics for the railway scheduling problem

Optimal schedules� A and � B for instancesA andB, respectively
For any instancesA and B: LA

max(� B ) � LA
max(� A) � 2� (A; B):

LP approximation model (�nd solvable instanceB for A)

min y + x

subject to
� y � dA

j � dB
j � y; 8j 2 N;

� x � rA
j � rB

j � x; 8j 2 N;

0 � rB
j ; 8j 2 N;

A � RB + B � DB � H (solvable instance class constraints) � :

� rA
j and dA

j are given, andx, y, and rB
j , dB

j are unknown for allj 2 N;

� 2n + 2 variables and 5n + m constraints,n = jNj, m � the number of
inequalities in� .
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Example: Metrics for the railway scheduling problem

Polynomially solvable cases

� For f PR : rj = r ; 8j 2 Ng, which is the problemSTR2jjLmax, we have
� (A; B)PR = max

j 2 N
jrA

j � r j:

� For f PD : dj = d; 8j 2 Ng, which is the problemSTR2jrj jCmax that has the
same complexity asSTR2jjLmax, we have� (A; B)PD = max

j 2 N
jdA

j � dj:

� For f PDR : ri � rj ) di � dj ; 8i ; j 2 N; i < j g wheni and j are from the
same station, the case with agreeable due dates and arrival dates for each
station, we have� (A; B)PDR = max

j 2 N
jrA

j � rB
j j + max

j 2 N
jdA

j � dB
j j:

Thus, for an arbitrary instanceA, the nearest instance

� in classPR is f BPR : rB
j = r A

max+ r A
min

2 ; dB
j = dA

j ; 8j 2 Ng;

� in classPD is f BPD : dB
j = dA

max+ dA
min

2 ; rB
j = rA

j ; 8j 2 Ng;

� in classPDR the nearest instanceB is constructed by solving the LP with
the special form of the inequality (� ).
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Objective function approximation
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Motivation

� Basically, a person (company, organization) often constructs schedules
and plans for a day, week, month, etc...

� What is your personal planning goal?

� To catch all the deadlines or due dates?

� Maximize the number of completed tasks or the income?

� For many cases the criterion is not clearly formalized.

� However, the schedule structure in general is the same from one
period to another.

� How can we use the previous schedules to construct the next one if we
have no clear objective function?

� And if we have the schedules:� � N , � � (N� 1) , ..., � 0 and we must
construct the next schedule� 1?
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The basic idea

� We consider the ¾inverted¿ scheduling problem.

� There is a setK of given pairs of instancesIk and schedules� 0
k ,

jK j = N,

� Schedule� 0
k is the optimal solution for the corresponding instanceIk .

� The problem is to �nd the form and coe�cients of the objective
function.

� The objective function is linear to the completion time of the job.
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The problem 1jj
P

! j Cj

1jj
P

! j Cj

� Single machine,n jobs;

� pj > 0 � processing time;

� j 2 N = f 1; 2; : : : ; ng;

� no precedence relations between jobs.

Preemptions of a job are not allowed. The machine can process at most
one job at any time.

A schedule describes order of processing the jobs: a permutation(sequence)
� = ( j1; j2; :::; jn).
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Solvability

1jrj j
P

! j Cj is NP-hard in the strong sence

Ëàçàðåâ À.À., Ãàôàðîâ Å.Ð. Òåîðèÿ ðàñïèñàíèé. Çàäà÷è è àëãîðèòìû
// Ìîñêâà, ÌÃÓ, 2011, 222 Ñ.

1jj
P

! j Cj is solvable � generalized Smith theorem

There exists an optimal schedule� � = ( j1; :::; jn), such that

! j1

pj1
�

! j2

pj2
� ::: �

! jn

pjn
:

Smith W.E. Various optimizers for single-stage production // Naval Res.
Logist. Quart. 1956. No. 3. P. 59�66.
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Approximation problem

� We consider the problem 1jj
P

! j Cj .

� N given pairs of instancesIk = f p1; :::; png and schedules� 0
k .

� Schedule� 0
k is the optimal solution for the corresponding instanceIk .

� The problem is to �nd the coe�cients! j of the objective function.

The property of an optimal schedule
nX

j = 1

Ck
j (� )! j �

nX

j = 1

Ck
j (� 0

k )! j ; 8� 6= � 0
k ; k 2 f 1; :::; Ng

� In general case! j are de�ned by the set ofN(n! � 1) inequalities.

� Is it possible to allocate the subsetof M (polynomial number) of
independent inequalities, which forms the equal system?.
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Approximation problem

Basic system of inequalities for 1jrj j
P

! j Cj

! j k
1

pj k
1

�
! j k

2

pj k
2

� ::: �
! j k

n

pj k
n

; k 2 f 1; :::; Ng:

Transformations
� Consider arbitrary pair of jobs8i ; j 2 f 1; :::; ng; i 6= j .

� Separate the setK into two subsetsKi ;j and Kj ;i , depending on the
positions ofi and j in � 0

k .

Ki ;j = f k 2 K : � 0
k = ( :::; i ; :::; j ; :::)g;

Kj ;i = f k 2 K : � 0
k = ( :::; j ; :::; i ; :::)g:

� From the basic system:
! j k

! i k
�

pj k

pi k
; k 2 Ki ;j and

! j k

! i k
�

pj k

pi k
; k 2 Kj ;i .
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Approximation problem

E�ective system of inequalities

8i ; j 2 f 1; :::; ng; i 6= j ;

Ki ;j = f k 2 K : � 0
k = ( :::; i ; :::; j ; :::)g; Kj ;i = f k 2 K : � 0

k = ( :::; j ; :::; i ; :::)g;

X (i ; j ) = max
k2 K j ; i

(
pk

j

pk
i

); Y (i ; j ) = min
k2 K i ; j

(
pk

j

pk
i

);

X (i ; j ) �
! j

! i
� Y (i ; j ):

Lemmas

� The basic and e�ective systems of inequalities are equal.

� The set of solutions of both systems is the convex polyhedral cone.
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Approximation problem

The strengthening of inequalities
Multiplication property of inequaltites forms the strengthening procedure:

X (i ; j ) := maxf X (i ; j ); max
l = f 1;:::; ng; l6= i ; l 6= j

f X (i ; l )X (l ; j )gg; i ; j 2 f 1; :::; ng; i 6= j :

It can be repeated till some �nal~X and ~Y .

If ! = f ! 1; :::; ! ng is the solution of approximation problem 1jj
P

! j Cj , then

! = f 
! 1; :::; 
! ng is also the soltuion of this problem, i.e. it can be scaled.
Therefore, we can always assume that! l = 1 for some arbitrary one indexl .

Theorem
Vector ! = f ! 1; :::; ! ng is the solution of the e�ective system, if

! j =
�

1; if j = l ;
( ~X(l ; j ) + ~Y (l ; j )=2; j 6= l :

(6)
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Computations

� Random sets withN instancesIk = f pk
1 ; :::; pk

n g, n jobs and! 0
j were

generated (distributed in[0; 1]).

� All the valued were rationed! j := ! j

jj ! jj , ! 0
j :=

! 0
j

jj ! 0 jj .

� � (N; n) = 1
n

nP

j = 1

j ! j � ! 0
j j

! 0
j

, the error decreases (converges to 0) with growing N!
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Dual complexity reduction
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Duality for non-decreasing penalty functions

Initial problem

� � = min
� 2 �( N)

max
k= 1;n

' jk (Cjk (� )) ; (7)

Non-decreasing functions' j (Cj (� ))

Dual problem

� � = max
k= 1;n

min
� 2 �( N)

' jk (Cjk (� )) : (8)

rj = 0; 8 j 2 N

Conway R.W., Maxwell W.L., Miller L.W.Theory of Scheduling //
Addison-Wesley, Reading, MA. 1967.

Alexander Lazarev Metrics and approximations May 21, 2019 87 / 188



Duality for non-decreasing penalty functions

Initial problem

� � = min
� 2 �( N)

max
k= 1;n

' jk (Cjk (� )) ; (7)

Non-decreasing functions' j (Cj (� ))

Dual problem

� � = max
k= 1;n

min
� 2 �( N)

' jk (Cjk (� )) : (8)

rj = 0; 8 j 2 N

Conway R.W., Maxwell W.L., Miller L.W.Theory of Scheduling //
Addison-Wesley, Reading, MA. 1967.

Alexander Lazarev Metrics and approximations May 21, 2019 87 / 188



Duality for non-decreasing penalty functions

� � = max
k= 1;n

min
� 2 �( N)

' jk (Cjk (� ))

� k = min
� 2 �( N)

' jk (Cjk (� )) ; k = 1; 2; : : : ; n: (9)

� � = max
k= 1;n

� k : (10)
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Duality for non-decreasing penalty functions

Lemma

' j (t ); j = 1; 2; : : : ; n; any not decreasing functions1 j rj j ' max,
8 k = 1; 2; : : : ; n; � n � � k ; � � = � n:

Algorithm
� r = ( i1; i2; : : : ; in), ri1 � ri2 � � � � � rin ;
� k = ( � r n ik ; ik ); k = 1; 2; : : : ; n; ' ik (Cik (� k )) ;
� � = max

k= 1;n
' ik (Cik (� k )) .

O(n2)
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Duality for non-decreasing penalty functions

Initial problem

� � = min
� 2 �( N)

max
k= 1;n

' jk (Cjk (� )) ; (11)

Non-decreasing function' j (Cj (� ))

Dual problem

� � = max
k= 1;n

min
� 2 �( N)

' jk (Cjk (� )) : (12)

Theorem

' j (t ); j = 1; 2; : : : ; n; any non-decreasing functions1 j rj j ' max,
8 k = 1; 2; : : : ; n; � � � � � :

Branch and bound
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Duality for non-decreasing penalty functions

Initial problem is NP-hard in the strong sense!

Preceding, Dual problem

G : single machine O(n2)
G : many machines NP-hard in the ordinary sense

Non-decreasing penalty functions' j (Cj (� ))
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Graphical approach
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Graphical approach

Partition problem
Consider a sorted set ofn positive integer numbersB = f b1; b2; : : : ; bng,
b1 � b2 � � � � � bn. Divide the setB into two subsetsB1, B2, so that

j
X

i 2 B1

bi �
X

i 2 B2

bi j ! min

One-dimensional Knapsack problem
This problem can be viewed as an integer programming problem:

8
>>>><

>>>>:

f (x) =
nP

i = 1
ci xi ! max

nP

i = 1
wi xi � W

xi 2 f 0; 1g; i = 1; : : : ; n
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Graphical approach

If ci = ai = bi ; i = 1; : : : ; n and W = 1
2

nP

i = 1
bi , then Partition problem and

One-dimensional Knapsack problem are equivalent.
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Section 3

Practical results
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Practical results

3 Practical results
Education planning
Cosmonaut training scheduling problem

Cosmonaut training scheduling problem statement
Volume planning problem
Timetabling problem
Results

Railway operational and maintenance scheduling
Railway scheduling problems and existing methods
Laboratory projects in railway scheduling
Two-station single track railway scheduling problem
Dynamic programming approach
Results for STR2
Single track railway scheduling problem with a siding
Dynamic programming approach for STR2S
Results for STR2S
Freight car routing
Locomotive assignment scheduling problem
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Education planning
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Education planning

1C Software product
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Education planning

� Schedule construction in manual/automatic/mixed mode.
� 30 universities, 55 colleges, 160 schools

Alexander Lazarev Metrics and approximations May 21, 2019 99 / 188



Education planning

The goal
� To construct a feasible schedule that �ts in all constraints,

� or an optimal schedule that minimizes the number of
� windows (blank spaces) in a schedule;
� transitions between buildings during a day;
� unful�lled sta� wishes;
� used rooms;

Mathematical problem
� Timetabling (over 1600 papers on similar problems on

ScienceDirect.com).

� Problem is NP-hard.

� Fast metaheuristic ant-colony based solution approach was proposed.
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Cosmonaut training scheduling problem
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